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FOURIER INEQUALITIES WITH NONRADIAL WEIGHTS

C. CARTON-LEBRUN

ABSTRACT. Let & f(7) = [gn(e~ 2™ —1)f(x)dx, n>1,and u, v be non-
negative functions. Sufficient conditions are found in order that ||F f|lg,u <
C|| fllp,v forall f e Lj(R"). Pointwise and norm approximations of . f are
derived. Similar results are obtained when u is replaced by a measure weight.
In the case v(x) = |x|"®~1 | a counterexample is given which shows that no
Fourier inequality can hold for all f in Lgf’o . Spherical restriction theorems
are established. Further conditions for the boundedness of # are discussed.

INTRODUCTION

Let n>1 and F f(y) = [g(e7¥™* = 1) f(x)dx.

The purpose of this paper is to establish weighted norm inequalities for % f
with computable constants, for large classes of indices and weights.

This problem is closely related to a recent work of J. J. Benedetto and
H. P. Heinig on Fourier inequalities with measure weights [2, 3]. In these
papers, norm inequalities for the Fourier transform were established with few
constraints on the weights (e.g. no monotonicity type assumptions) and without
rearrangement methods.

As concerns ¥ f, pointwise and norm estimates depending on A, weights
were obtained by C. Sadosky and R. L. Wheeden [8]. For a discussion of
previous results on weighted Fourier inequalities, we refer to [2, Introduction].

In [2, 3], norm inequalities with radial weights were proved for the classical
Fourier transform on subspaces of functions with vanishing first moment. Den-
sity theorems were established to extend these inequalities to the whole space.
Spherical restriction theorems were derived as applications of these results. In
this paper, our approach is somewhat different. We establish weighted estimates
for & f, for classes of functions for which no moment condition is required.
Unless otherwise stated, the weights are not supposed to be radial. We prove
n-dimensional generalizations of results of [8] concerning pointwise estimates
of ¥ f(y) and negative results for the validity of Fourier inequalities in a spe-
cific power weight case. For proving spherical restriction theorems, we use a
specific method exploiting the particular properties of the involved measure.
This yields a larger range for the indices and a sharper constant. Our study
includes a comparison with certain circle restriction properties and a discussion
of further types of conditions for the validity of weighted estimates for & f.
The results presented in this paper in particular include results of [2 and 3].
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The general scheme of this paper is the following: §1 is devoted to norm
inequalities for #f. For (possibly nonradial weight functions u, v, u €
Ll (R"™\{0}), we first establish inequalities of the form ||Ff ;.. < C|Iflp,»
on the whole of LY(R"). To do this, we find sufficient conditions on %, v in or-
der that the above inequalities hold on the space L2°(R") of bounded functions
with compact support (Theorem 1.1a). We next observe that, under weaker con-
ditions, Z f(y) exists, as a Lebesgue integral, at every y € R” (Lemma 1.1.1).
A pointwise estimate also ensures that all the arguments used for proving the
norm inequalities in the L2 case are still valid for all functions in L§ (The-
orem 1.1a’, Theorem 1.1b). Using the same method, we obtain analogous
conditions for the validity of

1# Nlg.u < CllfMp.v

on L% in the case of a radial measure weight u (Theorems 1.2a, 1.2b).

In §2, we derive pointwise and norm approximations for & f, for each f €
LY, in terms of classical Fourier transforms of L functions (Corollary 2.1).
Letting L°; C L denote the subspace of functions with integral zero, we
show that the previous approximations can be realized by Fourier transforms of
functions in L2y provided one additional condition is imposed on v (Lemma
2.2, Proposition 2.3, Theorem 2.4).

In §3, we prove that for v(x) = |x|""=1) no Fourier inequality (in particular
no spherical restriction property) can hold for all f € L, (Theorems 3.1, 3.1";
Corollary 3.2).

In §4, we establish spherical restriction theorems for .% f by using the par-
ticular properties of the involved measure and a pointwise estimate of % f
(8§4.1). In the power weight case, these results are compared for n = 2 with a
circle restriction property of [5] (§4.2). In §5, further types of conditions for
the boundedness of % are discussed.

0. NOTATION

For x eR", y e R", weuse x-y =31 X7, |x| = (X, x?"?. Also,
B, = {x e R": |x| < a}, B =R"\B,, a > 0. The sphere of R" centered at
the origin of radius p > 0 is denoted S,_,(p). When p = 1, the abbreviations
Sp-1 or S are used and [S,—i| = [;_ do =2n"?/T(n/2).

L denotes the space of L> functions with compact support; L%, = {f €
Le: [fdx =0}. Wewrite f e L. (Q), QcR" if fe LK) for every
compact set K C Q.

The space of positive measures on R” is denoted by M, (R"). For u €
M, (R"), we write (u, f) = [ f(¢t)du(t) or simply [fdu. For 0 < q <
oo, u € M (R"), L] is the set of Borel measurable functions defined u-
a.e. on R” for which ||f]l4., = ([|f19dw)'/? < co. Similarly, if v > 0
is a Borel measurable function, not necessarily an element of L] (R"), then
Ly ={f:1fllp,o = ([IfPvdt)'/P < oo} .

For further remarks on measures, we refer to [2]. Note especially that if
u € M (R") is radial and u({0}) = O, then there exists a unique measure
v € M, (0, co) such that (u, ¢) = |S| f(o,oo) s""lo(s)dv(s) for all radial con-
tinuous functions x — ¢(|x|) with compact support (cf. [2, Proposition 3.4]).
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When needed, this unique measure v is referred to as the measure correspond-
ing to u. Letting g,_; denote the (n — 1)-dimensional area measure on R”
and u, the restriction of g,_; to S,_i(p), we note here that the measure v
corresponding to u, is d, (cf. [2, Definition 5.1a]).

For 0 < p < o0, the conjugate index of p is p'=p/(p-1).

The Fourier transform f of f e L!(R") is defined by

i) = [ s, pere.
For suitable functions f, we also consider

(0.1) F () = / (e72mx _ 1) f(x) dx

n

at each y € R" where the integral exists.

1. FOURIER INEQUALITIES

In this section, we prove weighted inequalities for % f where ¥ f is defined
by (0.1). We first consider the case of weight functions (§1.1). We next mention
a generalization of a measure weight case considered in [2] (§1.2). In both
cases, the estimates are proved to hold on the whole of the Lf space under
consideration.

1.1. Fourier inequalities with weight functions. In what follows, the weight
functions u, v are not supposed to be radial and u is not required to define a
measure on the whole of R”.

In a first stage, we establish inequalities of the form ||Ff ;.. < C|flp.»
with 1 < p < g < oo forall f € L (Theorem 1.1a). We next show that,
under weaker hypotheses, . f(y) exists at each y € R” and satisfies some
pointwise estimates (Lemma 1.1.1, Remark 1.1.2). These imply the validity of
the above norm inequalities for all f € L (Theorem 1.1a’). An analogous
result is mentioned in the case 0 < g < p < oo, p>1 (Theorem 1.1b).

In the proof of Theorem 1.1a hereafter, we utilize Hardy inequalities with
mixed weight functions (see [1, 4]).

Theorem 1.1a. Let 1 < p < g < oo. Suppose v € L! (R"), v > 0 a.e. and

loc

v!=P" € LY(R"\{0}). Assume u is nonnegative, u € L. (R"\{0}). If

loc

1/q
Ay = sup ((l/n") |x|"u(x/7z)dx)
lx|<y

y>0

1/p’
. (/ Ix]”"v(x)' 7 dx) < 00
lx|<1/y

(1.1)

and

l/q
Ay = sup ((1/7!")/|| u(x/n)dx)
x|>y

y>0

1/p'
. (/ v(x)!7 dx) < 00,
|x|>1/y
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then there exists C >0 such that for all f € L

(1.3) 1#f lg,u < ClSf Nlp o

where C can be chosen as C = 2(A; + A3)(q)Y9(q")'/?" .
Proof. Suppose f € L. Then,

FI = [ - 1f(x)dx
= —2i/f(t)e""’”” sinmy-tdt.
For y #0,
Fro<2 [If@lisinay-d dr
< 2apy| 117(0] dt +2 f(0)ldt

<1/xly] I11>1/xl7]
= 2z|y|- F(Iy]) + 2G(|7]).

Hence,

(/ |9f(7’)|qu(}’)dy>'/q <2n (/l)’qu(|y|)qu(y)dy)1/a

+2</G|y| )l/q

=2(I, + I).

Explicitly, I; can be written as follows:

Li=n (/OooF(p)"U(p)d/))l/q,

where

U(p) = p™1+4 /S u(py)da, ¥peR\{0},
1/mp 00
=/0 r /S|f(r0)|dadr=/p h(s)ds

h(s) = n‘("“)s‘("+2)/ |f(0/ns)|da, ¥'seR\{0}.
s

with

Therefore, I, is of the form

e ([ ([ o) vos)

By Theorem B of [1], there exists a constant C; such that

I, <nC (/Ooo h(t)? V(t)dt) .
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if V(t) >0 a.e. satisfies

y/n 1/q 00 1/p
Ay =nsup< U(p)dp) (/ 400 dt) < 0.
0 y

y>0 /n

Moreover, A; < nC; < A;(q)"4(q")'/?" .
The next step, in order to estimate /;, is to find V' so that

(1.4) / Chervde< [ fPu) dx.
0 R"
To that purpose, note that
/Ooo h(PV(t)dt = nP~! /Ooos‘”("”) (/S |£(8/s)] da)p V(s/m)ds.

Applying Holder’s inequality to the inside integral over S, we see that the
right side of the above equality is dominated by

P! /0 ” gmpins2) ( /S | f(0/s)|"v(0/s)da)

y ( /S (8)5)77' 17 da),,,,,, V(s/n)ds.

Since, on the other hand,
[ rpoeds = [T ([ inepos/sida) ds.
we see th; (1.4) will be satisﬁeod if ’
V(s/n) = n'-Pspint2)=(n+) (/ v(0/s)"F'IP da) o i
s

With this choice of V', we thus obtain I, < nCy|f||,,» . Moreover, as simple
calculations show,

e ' l/y ! !
/ Ve'=r dt = / pan-l (/v(at)"” da) dt
y/n 0 S

= / Ix|P v (x)'"" dx
lx|<1/y

and I
y
U(p)dp = n‘“’*")/ |x|9u(x/m)dx .
Ixl<y
Therefore, the constant A, introduced above is equal to the constant defined
in (1.1).

In order to estimate I, , we use a similar method. In this case,

I, = (/OOO G(p)"p"’U(p)dp) ” ,

where G(p) = fo” nsh(s)ds with U(p), h(s) defined as before. Theorem A of
[1] then yields

00 1/p
L <G (/0 (ms)Ph(s)P W (s) ds)
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if W >0 a.e. is such that

0o Ya 1 yn 1/p'
Ay = sup ( p“’U(p)dp) (/0 404 dt) < .

y>0 y/n

Moreover, 4, < C, < Ay(q)"/%(q")"7" .

If we choose W(s) = (mns)"PV(s) where V is the auxiliary weight intro-
duced for estimating I, inequality (1.4) immediately implies I, < G|/ f||p,v -
Moreover, it is readily seen that A4, is equal to the constant defined in (1.2).

From the estimates of I;, I;, it now follows that (1.3) is satisfied for all
f €L with C =nCy + C,. This ends the proof.

In order to establish Fourier inequalities for all f € L), we now prove the
following n-dimensional generalization of a fact already pointed out in [8] in a
one-dimensional case.

Lemma 1.1.1. Suppose 1 < p < co, v € L (R"), v > 0 ae. If tf'v!P €

loc
L. .(R") and v'=?" € L'(BS) for some a >0, then, for all f € L5(R"), Ff(7)
exists, as a Lebesgue integral, at each y € R". Moreover

(1.5) KFII <Kl 0) - 11fllp,v
for all y € R", where
K(p’ U) = 21ana(p, ’U),
a>0

1/p'
Kai(p,v) = {(np)"'/ 1P v!=? dt+/ v“”'dt}
[t|I<a |t|>a

foreach p>0, a>0.

(1.6)

Proof. Let fe L) and y # 0. For every a >0,

|y 1f(O] ae. for |t < a,

|f()sinzy - 1] < { 1£(0)| ae. for |t| > a

From the following Holder inequalities

1/p 1/p'
bl | ItIIf(t)Idtsnlyl(/ Ifl”vdt) (/ |t|"'v""'dt) ,
[t|<a [t|<a lt|<a
1/p 1/p’'
/ If(t)ldts</ Ifll’vdt) (/ v""'dt) ,
[t|>a |t|>a [t|>a

it then follows that
T <2 / A Isingy - f1dt < K(71, 0)- 1/ .

where K(p, v) is defined by (1.6) for p > 0.

Note also that the above majorizations and Lebesgue’s theorem imply that
Ff is a continuous function on R”.




FOURIER INEQUALITIES WITH NONRADIAL WEIGHTS 757

Remark 1.1.2. The following calculation shows that for each p > 0, the infi-
mum of K,(p, v) over a > 0 is attained for a = a9 = 1/(np). Indeed for
a > ap, and each fixed p >0,

Ka(p, v)' = Kay(p, v} + / ((mpltl)?" = 10! 7" di
ap<|t|l<a

2 Kao(pa ’U)p,

A similar conclusion holds for a < ag, which yields infocgco0 Ka(p, v) =

Kijnp)(p,v).
In view of Lemma 1.1.1, all the majorizations and arguments developed in
the proof of Theorem 1.1a also apply to all functions of L . We can thus state:

Theorem 1.1a’. Suppose p,q, u,v as in Theorem 1.1a. Assume A, < oo,
Ay < 0o. Then,

(1.3 I# S/ Mlg,u < Cllf Mlp, v

holds for all f € LY, where ¥ f(y) exists, as a Lebesgue integral, for each
y € R*. The constant C is the same as in Theorem 1.1a.

As this was pointed out to us by H. P. Heining, the method we used for
proving (1.3') for 1 < p < g < oo also applies to the case 0 < g < p <
oo, p > 1. In this case however, the conditions for the validity of Hardy
type inequalities are different (see [3, 6, 9]). The corresponding result is the
following.

Theorem 1.1b. Suppose 0 < g < p < oo, p>1, 1/r=1/q—1/p. Assume
v e Ll (R"), v >0 ae, v'"? e LY(R"\{0}), and u is nonnegative, u €
loc Rn\{o}

r/q
B, =/ (/ u(x)|x|? dx)
R” [x|<1/(mlyl)

]

|x| <yl

(/.
5= L)

r/q
. (/ v(x)= dx) v(p)' P dy < o0,
[x]> Iyl

then, there exists a constant C > 0 such that |Ff|lg.u < Clfllp,v for all
felf.

r/q
|x[P'v! = dX) ylPv(p)! =" dy < oo

and

1.2. Fourier inequalities with measure weights. We now mention the analogue
of Theorem 1.1a’ when u is replaced by a radial measure weight 4 on R”. The
result includes Theorem 4.1 of [2]. The proof utilizes two specific arguments
used in [2], namely, the representation of certain radial measures [2, Proposition
3.4] and Hardy inequalities with measure weights [10, 2, Theorem 1.1]. In
addition, nonradial techniques similar to those used in §1.1 are required.
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Theorem 1.2a. Let 1 < p <q < oc. Suppose v € LIIOC(R"), v>0 ae, v'P €
L} .(R"\{0}). Suppose p € M. (R") is radial, u({0}) =0. Let v € M, (0, o)
denote the measure corresponding to . If

1/q 1/p
A} = sup / s"Tdy(s/n) / 1P v!=P" dt < o0
>0 \J(0,y) lj<1/y

1/q 1/p'
A5 = sup / s"Vdv(s/m) / v'~P dt < o0
y>0 \J(y,o0) lt|>1/y

then there exists C* > 0 such that

1 g, u < C N llp,v
for all e L) where C* can be chosen as

C* =2n~(n=V/a|s,_ |Va(p)/a(p) /P (4} + 43).

A similar result generalizing [3, Theorem 4.1] holds in case 0 < ¢ < p < >0,
p>1:

Theorem 1.2b. Let 0 <g<p<oo, p>1, 1/r=1/q—1/p. Suppose v and
u are as in Theorem 1.2a. If

r/q
B; = / ( / p""*qdwp/n))
n 0, 1/ly)

r/q
(/ le”'v“"'dX) lyPu(y)'=? dy < 0o
[x|<lyl

r/q
BE‘=/ (/ p"“dV(p/n))
» \J/iyl,00)

]

r/q
. (/ v' =P dx) v(y)' P dy < o0,
[x|21yl

then there exists C* such that |Ff|q,u < C*||f|lp.0 forall fe L.

and

and

2. APPROXIMATIONS OF % f

Since L is dense in LY whenever v € Ll‘Oc , we can deduce the following

pointwise and norm approximations of .# f from Lemma 1.1.1 and Theorem
1.1a" (respectively Theorem 1.2a).

Corollary 2.1. Suppose the assumptions of Theorem 1.1a’ (respectively Theorem
1.2a) are satisfied. Then, for each fixed f € Lj(R"),

() FL() = limp(fu(7) ~ f(0)) for every y € R";

(i) Ff = limp(fm — fm(0)) in the LY norm (respectively the L norm)
whenever f,, € L is an approximating sequence of f in the Lf norm.

Similar properties hold in the case 0 < ¢ < p < o0, p > 1 if the assumptions
of Theorem 1.1b (respectively 1.2b) are satisfied.
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In order to approximate .# f by Fourier transforms of functions with vanish-
ing first moment, we now mention a simple proof of a density lemma regarding
the subspace L°(R") of LY(R"), where v € L\ (R"), v >0 a.e. Analogous
theorems were previously established in [2] with a different method of proof,
for the moment subspace

My(n) N LE(R"), My(n) = {feL‘(R"): /fdx:O} ,

under the stronger hypothesis, v € L"(R") form some r > 1 (see [2, Theorems
2.2, 4.2)).

Note. After we wrote the following lemma, John J. Benedetto informed us that
J. Garcia-Cuerva, C. Heil, S. Saeki independently observed that the Lj con-
dition, r > 1, in [2] could be replaced by the condition v € L} . S. Saeki also
showed him a proof of the density result which was very much like ours.
Lemma 2.2. Suppose 1 <p<oo, ve Ll (R"), v>0 ae

(i) If h € (L§(R"))" annihilates LY,(R"), then h is a constant function.

(ii) LXy(R") = LY(R") or LY(R") C LY(R™).

(iii) If v'?" ¢ L'(R"), then LZ((R") = L{(R").

Proof. (i) Suppose h € (LH(R™)) ie., h € Lf}”,_p, (R"). Since v € L. (R"),
v > 0 a.e., it follows from Holder’s inequality that A € LI‘OC( ",

Let £(x) = (n/|Sn-11)Xx1<1(x) and &m(x) = (1/m")-&(x/m), m > 0. Then,
Jgném(t—T1)dt =1 for every T € R” and every m > 0.

Suppose f € L suchthat ay = [ fdx #0. Define f, . = f—&u(-—1)-a;.
Then, f, . € L, for every m >0 and 7 € R" and if h annihilates LYy,
one has (h, fm ) =(h, f)—ag(h,én(-—1)) =0 forall m >0 and 7€ R".
Thus,

o 1) = fiSn-Dar = [ hode
lt—t|<m
forall m >0, reR". Since h € L] (R"), the right-hand side of this equality
tends to ay - h(t), at each Lebesgue point  of 4 when m — 0+. Hence, for
almost every fixed 7 € R", [(h(t) — h(1))f(t)dt = 0 for all f € L. This
yields Ah(t) = h(t) a.e. and assertion (i) follows.

(ii) and (iii) follow from (i) in the same way as in [2, proof of Theorem 2.2]:
if h(t) = k = 0, then LXo(R") = LE(R"). If h e L?,_,(R"), h(t) =k #0,
then [|h|P'v!=P"dt = |k|P’ [v'~P'dt < o i.e., v'? € L'(R"). Consequently,
J1fldt < 0o for f e LY. This ends the proof.

In connection with assertion (iii) of the above lemma, we give now a criterion
for the validity of condition v!=?" ¢ L!(R"). This is an n-dimensional gen-
eralization, with a different proof, of [2, Proposition 2.6] (see also [7, Theorem
6.19] for related one-dimensional results).

Proposition 2.3. Suppose 1 <p <oo, ve Ll (R"), v>0 ae If

loc

limL / v(t)dt) =0,
m—oo M \ Jjs1<m

then v'=?" ¢ LY(R").
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Proof. Suppose v'=?" € L'(R"). Then, for every m > 1,

1/p

o1 ! i

1S, 1|=_n dx< / vyde) -t
n m" Jixi<m m Ix|<m

Since the left side is a strictly positive constant, the result follows.

Combining the above density lemma with Lemma 1.1.1 and Theorem 1.1a’
(respectively Theorem 1.2a) we now obtain

Theorem 2.4. Suppose the assumptions of Theorem 1.1a' (respectively Theorem
1.2a) are satisfied. Assume moreover that v'~?" is not locally integrable in a
neighborhood of the origin. Then, for each fixed f € LY(R") and any sequence
fm € LZy(R") approximating f in the Lj norm,

(i) F/(7) = limy fu(y) at each y € R";

(if) Ff =lim,y, f,y inthe L] norm (respectively, the L} norm).

Similar results hold in the case 0 < g < p < oo, p > 1 if the assumptions
of Theorem 1.1b (respectively 1.2b) are satisfied together with the additional
condition v ¢ L'(R").

Note. Assertion (ii) above in particular means that % : L) — LI (respectively
L) is the bounded extension of the Fourier operator f — f initially defined
on L.

After we wrote the results of this section, J. Benedetto informed us that
J. Lakey independently observed that ¥ was the bounded extension of f —
f: My(n)NLY — L% in the case of the L} spaces considered in [2]. J. Benedetto
and J. Lakey have also obtained results on the extension problem in terms of
Wiener amalgam spaces.

3. AN n-DIMENSIONAL COUNTEREXAMPLE

In Theorem 3.1 below, we show that the inequality || f ||z, < C|| fllp,o fails
when v(x) = |x|"®~1. To this end, we construct a counterexample which
generalizes a one-dimensional counterexample of [8] to the case of measure
weights in R”, n > 2.

Theorem 3.1. Let n>1, 0 <g< oo, 1 <p<oo. Suppose u € M. (R"), u
not identically zero on R", u({0}) = 0. Then, there does not exist a constant
C > 0 such that

on ([ o) sc ([ romepe-nax)

holds for all f € Ly (R™).
Proof. For N > 1, define

1
T

As it can easily be seen, Fy € LY, and

Fn(x) {xaw, v(xD) = xa, mUxD}-

1/p
(3.2) ([ imweopiximodx) = @is,-ilm ).
R"
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In order to minorize |FN(y)| , note that

—2imy-t —2imy*t

e e

/ 9t / 4t
iN<ii<t 1] i<ji<n 1]

dt e—2iny°t -1 e—Ziny-t
f e ey,
iN<ig<1 1 1/N<|t]<1 |2 i<prl<n 11|

=||Sh=1|In N + An(7) — Bn(?)]
> |Su—1|InN — |An(y)| = BN (?)I,

|Fn()| =

where
(3.3) An()] < 2nyl [
Noting y = |y|®, © € S,_;, we can write
N —2inp|y|w+d dp
By() = By(6) = | | e doy (),

where the inner integral is equal to

1/N<|t|<1 |t|" lt|n=1 <2m|y| -« |Sp-1]-

n
|Sn—2|/ e—2inﬂ|)’|cosa(sina)n_2da
(3-4) |Sn zl/ 2mp|)’|t 1—[2)(" 3)/2d[

= 2|Sn-zl/ cos(2mp|y|t) - (1 — 2)n=312 gy
0

In the case n = 2, this equality is true with |Sp| =

Let w,(t fo(l ut)(n=3/2dy . This functlon is continuous and increas-
ing on [0, 1] for all n > 2. Moreover, 2|S,_2|¥a(1) = |Sp—1], n > 2. By
integrating by parts, we see that the integral in the right side of (3.4) is equal to

1
cos(2nply) - wa(1) + 21pl7] /O sin(27p|y10) () dt

Consequently, since

2zfy| -

N 1
/ / sin(znpwwn(t)dzdp'
1 0

< 2/()1(wn<z)/z>dt <o

and

sin(27|y|N) _ sin(2xy|)
2x|y|N 2n)y|

/ sin 27tp|y| dp
" 2mp]

N
[ cosnalrh p‘ _
1 p

< (‘+1+1__)-
~ 2m|y| N nly|’
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we obtain |By(y)| < |Sp-1](1/m|y|+k,), where k, is a constant depending only
on n.
From (3.3) and the above estimate, it follows that

~ 1
(3:5) [En (7)) 2 |Sn—1] (lnN - 27y - i kn) :
Since u#({0}) = 0 and pu is not identically zero on R”", there exists a, b,
0 < a < b < oo such that fa<m<b du(y)#0.

Choosing Ny = Ng(a, b) such that %ln No > 2nb + 1/ma + k, , we see that
for a < |y| < b, the inequality
= 1 InN
> - - -
B 2 1Sn-tl (I = 221 = 2= ) > 18,1175

holds for all N > N,. Since u € M, (R"), this yields

([ |ﬁN<y>|qdu<y)>w 2 (3iSr-ilmn) (/,Klyl(,, d”(”)

for all N > Ny . If the Fourier inequality (3.1) were true, it would follow from
(3.2) that

1/q

1/q
0< (/ d,u(y)) (InN)'/?" < const.
a<|y|<b

which is impossible when p > 1. This ends the proof.

In the important case where u is the restriction of g,_; to the unit sphere
Sp—1 of R", Theorem 3.1 yields:

Corollary 3.2. Let n>1, 0<g<oo, 1 <p <oo, v(x)=|x|"P~"). Then, no
spherical restriction property || f||rss,_,) < ClIlf lp,o with C constant, can hold
Jorall feLy,.

Note also the following variant of Theorem 3.1 where the measure u is
replaced by a nonnegative function u € L! (R"\{0}).

loc
Theorem 3.1'. Let n>1, 0<g<oc, 1 <p <oo. Suppose u € LI‘OC(R"\{O}),
u is nonnegative and not almost everywhere equal to zero. Assume v(x) =

|x|"®?=1 . Then, there does not exist C >0 such that ||f|lq.u < C|\f|lp.o holds
Jorall feLy.

4. WEIGHTED RESTRICTION PROPERTIES FOR % f

4.1. Denote by S,_;(p) the sphere of radius p > 0 centered at the origin in
R" and by u, the restriction of g,_, to S,_;(p). Note also §=S8,_(1).
In what follows, we establish estimates of the form

1/q
(a.1) / FIN donr)  <L(p.0) -1 oo
Sn—1(p)

where v is a possibly nonradial weight, | < p < o, 0 < ¢ < oo. Our
method of proof differs from that of [2]. In the latter paper, spherical restriction
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properties for f are obtained by applying some previously established Fourier
inequalities to the particular measure u,. Here, we derive inequalities of type
(4.1) by integrating the pointwise estimate of % f(y) furnished by Lemma 1.1.1.
This method leads to a larger range for p, g and a sharper constant L(p, v).
Theorem 4.1. Let 1 < p < oo, 0 < g < o0, and v € L} (R"), v > 0 ae
Suppose |t|P'v!=?" € LL (R") and v'~?" € L'(BS) for some a > 0. Then,

(i) for each p > 0,

1/q
(4.2) (/S ()ny(?)l"dan-n) <1814 VK (p, )| flp.v
n—1(P

forall f e Ly, where K(p, v) is defined by (1.6).

(ii) for each p > 0 and each fixed f € L2, Ff = limp(fs — fn(0)) in the
pointwise sense everywhere and in the L(S,_,(p)) norm, whenever f, € L
is an approximating sequence of f in the LY norm.

Remark. In the particular case of radial weights, the constant in (i) is sharper
than the analogous one in [2, Theorem 5.3]. Theorem 4.1 also includes [3,
Theorem 4.2].

Proof. (i) By Lemma 1.1.1, |Zf(?)| < |Ifllp.v - 2Ka(|7|, v) for all y € R” and

every a > 0, where
1/p'
Ka(l7l, v) = ((nlyl)”/l v'-? dt) )
t

Therefore, for each fixed p > 0, we have for any ¢ >0 and any a >0,

1/q 1/q
( [ o da) <2 S M ( / Ka(p, v)? da)
Sn—l(p) Sn—l(p)

= 2/|f llp,({IS1p"~ (17| = p), Ka(|7], v)7))"/4
= 20f llp.o1S1"2p" V4 Ka(p , v)

which yields (4.2).
(i1) follows from (i) and Lemma 1.1.1.

1P v!=F' dt+/

|<a |t|>a

In view of the density Lemma 2.2, the preceding approximations can be
realized by Fourier transforms of functions with integral zero provided an ad-
ditional hypothesis on the weight v is satisfied. We thus obtain the following
analogue of Theorem 2.4.

Proposition 4.2. Suppose the assumptions of Theorem 4.1 are satisfied. Assume
moreover that v'=?" ¢ L'(R"). Then, for each fixed f € L%, and any sequence
fm € L, approximating f in the Lj norm,

(i) Ff(y)=lim fm(y) at every y e R";

(il) Ff =lim,, f,, in the LI(S,_(p)) norm.

Note that (ii) in particular means that % : LY — LI(S,_;(p)) is the bounded
extension of f — f: Ly — Li(Sy-1(p)) -

As a corollary of Theorem 4.1, we obtain the following restriction property
for power weights.
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Corollary 43. Let 1 < p < oo, 0 < g < co. Suppose v(x) = |x|P? and
n/p' < B <(n/p’)+ 1. Then, for each p >0,

(4.3) 1Ff g, < L(ps OIS lp.o

1(p)
forall f e LY, where
L(p, v) = 2|S|V/p'+1/a . gB=nip’ p(n=1)/a=n/p'+p

x[(n+p' = Bp")" + (B0’ —n)~'17".
Proof. Using Remark 1.1.2, we see that the constant K(p, v) in Theorem 4.1
is

[e e}

, . [me C R
K(p,v)= 2|S|l/p (mp)? / pn=1+p'~Bp dr+/ pn—1-Fp dr]
0 1

/mp
when v(x) = |x|#? . The result follows.

Remark 4.4. In the above corollary, the lower bound B = n/p’ of the range of
B is excluded. This value corresponds to the weight v(x) = |x|"®~1) which
is precisely the one for which we proved that no restriction property can hold
for all f € LY, (cf. Corollary 3.2). Further comparisons between restriction
properties are discussed in the next subsection.

4.2. Comparison of circle restriction properties in the power weight case. Sup-
pose n = 2. We wish to compare Corollary 4.3 above with the circle restriction
property contained in [5, Corollary 2]. To that purpose, we remark the following
particular facts:

A. In [5], estimates of the form

(4.4) I lzegsicon < C = P92 4B) £l o,

are proved for each p > 0, under the assumptions that (p, g) belongs to a
certain range E and v; = |x|#? with 0 < Bo(p,q) < B < 2/p'. (For the
explicit definition of E and Sy(p, q), see [5, Corollary 2].)

In fact, (4.4) is initially proved on a dense subspace of simple functions
which includes L. The inequality is then extended to the whole of L} by a
norm limit process in which f is defined by Cauchy sequences in the L4 (S1(p))
norm.

Note also that the classical restriction theorem of Zygmund [11] is a particular
case of (4.4) (B is then zero).

In order to compare (4.4) with some results of this paper, we remark that
v1(x)'=?" = |x|=#?" is not integrable at infinity for § < 2/p’. Lemma 2.2 thus
implies that L%, is dense in Lf . Therefore, for each p > 0 and for each
fixed fe L},

(4.5) f= lim fm in the L(S;(p)) norm

for any sequence f, € L%, approximating f in the LY, norm.

Note also that Lemma 1.1.1 is not applicable to Lf and, as a consequence,
we do not have any general conclusion as regards the pointwise everywhere
existence of Ff(y) when fe LY \(L'nLE).
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B. On the other hand, Corollary 4.3 in particular implies that under the assump-
tions n=2, l<p<oo, 0<g<oo, va(x)=|x|??,and 2/p' < B <2/p'+1,
the following estimate holds for each p > 0 and for all functions in L :

(4.6) 17 = 7Ol zecsiion < €Y7 4B f1lp 0,

C. As a consequence of 4 and B, estimates (4.4) and (4.6) both hold on the
common moment subspace L2 of L and L%, . The function in the left side
is then the classical Fourier transform f in both inequalities.

When f € L‘C"’\L;’f’o, these estimates also hold but the function in the left
side is either f or f— f (0) according as B < 2/p’ or B > 2/p’. A fortiori,
the bounded extensions of [ — f: L%, — LI(S1(p)) to the respective domains

LY , L5, differ accordingly. When B < 2/p’, the extension is defined by (4.5).
When g > 2/p’, Proposition 4.2 shows that the bounded extension is % f .

D. Remark C naturally raises the question of knowing what happens when
n =2, B =2/p’. This question is answered in §3. In fact, Corollary 3.2
in particular implies that for n =2, (p,q) € E, f =2/p’, neither (4.4) nor
(4.6) can hold for all fe L.

5. FURTHER CONDITIONS FOR THE BOUNDEDNESS OF %

Using the pointwise estimate of % f(y) given by Lemma 1.1.1, we easily
obtain the following general sufficient condition in order that # be bounded
from L7 into L} .

Theorem 5.1. Let 1 < p < o0, 0 < g < oo, veL (R, v>0ae As

loc

sume |t|P'v'=?" ¢ LL (R"), v'=?" € L'(BS) for some a > 0. Suppose u is
1P v dt+/

loc
1/p'
v dt} )
[t|>1/(mp)

nonnegative, u € L} (R"\{0}), and

t|<1/(mp)

IJ;D = (Jpn K(I7I, v)7u(y)dy)"/? < 00, then |F [ llg,u < DIIf llp,v forall f €
Ly.

K(p,v)=2 {(np)”'/l

loc
v

A similar statement holds when u is replaced by a (possibly) nonradial pos-
itive measure on R”:

Theorem 5.2. Suppose p, q,v are as in Theorem 5.1 and ue€ M (R"). If

l/q
D = (/R (7], v)° du(y)) < oo,
then | lg.u < D*|If .o forall f e LE.

Remark 5.3. 1. For u = pu,, Theorem 5.2 reduces to Theorem 4.1. If, in
addition 1 < p < g < oo, this theorem is equivalent to Theorem 1.2 as concerns
the class of weights for which an estimate of the form [|Ff ||y, 4, < Cst||flp,v
holds. The constant in Theorem 5.2 is nevertheless sharper.

In other words, D* < oo if and only if 4} < cc and 45 < co. Moreover,
D* < C* (for the values of A}, A3, and C*, see the statement of Theorem
1.2a).
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2. For 1 < p<q < oo, Theorem 5.1 is weaker then Theorem 1.1a’, that is:
(@) D < oo implies A) < oo, Ay < .
(b) There exist u, v such that Ay < oo, Ay <oo,and D = +co.

Proof. (a) We first remark that for any p, g suchthat 0 <g< oo, 1 <p < o0,
condition D < oo implies A; < oo, Ay < oo. This follows from the following
majorization, for each y > 0,

a/p’
A(y)? = (/ |x|qu(x/7z)dx) (/ |x|P'vi=?' dx)
|xl<y lx|<1/y

q/p’
< / u(x/m) (|x|ﬁ’ / |z|ﬂ'u'—P'dt> dx
lx|<y lel<1/]x|

< [ im0 dx,

and a similar one corresponding to 4. These imply 47 + 47 < cD?, hence
assertion (a).

(b) Consider u(x) = |x|*, v(x) = |x|#. These weights satisfy A4; < oo,
Ay<o0 if -n—-g<a<-n,n/p<B/p<l+n/p’,and n(l/g+1/p—1)+

a/qg+B/p=0.
Since the last equality implies p"'u(p)K(p, v)? = 1/p, we obtain D = +oo
for the corresponding weights. This proves (b).

3. If0<qg<p<oo, p>1, Theorem 1.1b includes Theorem 5.1, i.e.,
D < oo implies By < 00, By < 0.

Proof. Since r/q—1=r/p, the constant B, of Theorem 1.1b is

r/p
B = /R" (/IXISI/IVI HO/m dx) (/lesl/l)'I ) dx)

rlq
: ( [ ot dx) I o) dy.
IxI<Iyl

But D < oo implies 4, < oo. Therefore, the second factor inside the integral
over R” is majorized by c(/j, <, |xI° vi=P dx)-arirr
Since —qr/pp' +r/q' =q/p' — 1, one obtains

R p , q/p'—1 ,
Bisc lim [ 1(1/p){ [sr V(s)ds} PV (p)dp,
e—0+ e 0

R—+00

where
t
I(t)=/ s""*"/u(sw/n)dads, and V(p):/v(pw)l—p’ da .
0 s s

Integrating by parts and using again A; < oo, one obtains

’

dy.

a/p
B, < c+c’/R [71%u(y/m)

1 1
/ |x|P' v =P dx
lxl<1/17|
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Proceeding in the same way for estimating B,, one finally gets B; + B, <
¢1 + c2 D7, which yields assertion 3.
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